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Abstract. Let be a singular Riemannian foliation on a compact Riemann- 
ian manifold M. By successive blow-ups along the strata of we construct 
a regular Riemannian foliation .7^ on a compact Riemannian manifold M and 
a desingularization map p : M ^ M that projects leaves of T into leaves of 
T. This result generalizes a previous result due to Molino for the particular 
case of a singular Riemannian foliation whose leaves were the closure of leaves 
of a regular Riemannian foliation. We also prove that, if the leaves of T are 
compact, then, for each small e > 0, we can find M and T so that the desingu- 
larization map induces an e-isometry between MjT and M jT. This implies 
in particular that the space of leaves MjT is a Gromov-Hausdorff limit of a 
sequence of Riemannian orbifolds {{M„/.^„)}. 



1. Introduction 

In this section, we recall some definitions and state our main results as Theorem 
[m Theorem O and Corollary [TH 

We start by recalling the definition of a singular Riemannian foliation (see the 
book of Molino [lO]). 

Definition 1.1 (s.r.f). A partition of a complete Riemannian manifold M by 
connected immersed submanifolds (the leaves) is called a singular Riemannian fo- 
liation (s.r.f for short) if it verifies condition (1) and (2): 

(1) is a singular foliation, i.e., the module Xj^ of smooth vector fields on M 
that are tangent at each point to the corresponding leaf acts transitively on 
each leaf. In other words, for each leaf L and each v £ TL with footpoint 
p, there is X S Xyr with X{p) = v. 

(2) Every geodesic that is perpendicular at one point to a leaf is horizontal, 
i.e., is perpendicular to every leaf it meets. 

Typical examples of s.r.f are the partition by orbits of an isometric action, by 
leaf closures of a Riemannian foliation (see Molino [lO]), examples constructed by 
suspension of homomorphisms (see [HE]), examples constructed by changes of 
metric and surgery (see Alexandrino and Toben pi), isoparametric foliations on 
space forms (some of them with inhomogeneous leaves as in Ferus, Karcher and 
Miinzner [7]) and partitions by parallel submanifolds of an equifocal submanifold 
(see Terng and Thorbergsson [l3]). 
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Let be a singular Riemannian foliation on a complete Riemannian manifold 
M. A leaf L oi T (and each point in L) is called regular if the dimension of L 
is maximal, otherwise L is called singular. The union of the leaves having the 
same dimension is an embedded submanifold called stratum and in particular the 
minimal stratum is a closed submanifold (see Molino |10|). 

We are now able to state our main result. 

Theorem 1.2. LetT be a singular Riemannian foliation of a compact Riemannian 
manifold {M,g), E the minimal stratum of J- (with leaves of dimension kg) and 
Tubr(S) the geometric tube over E of radius r. Then, by blowing up M along E, 
we have a singular Riemannian foliation Tr ( with leaves of dimension greater then 
ko) on a compact Riemannian manifold (Mr(E),^r) cind a map iTr '■ Mj.(E) M 
with the following properties: 

(a) TTr projects each leaf of Tr into a leaf of T . 

(b) Set E := 7r~"'^(E). Then tt^ : (Afr(E) — E, J>) — > (M — E, is a foliated 
diffeomorphism and T^r '■ Mr(E) — Tubr(E) — > Af — Tubr(E) is an isometry 

(c) // a unit speed geodesic 7 is orthogonal to E, then TTr{j) is a unit speed 
geodesic orthogonal to E. 

(d) Tfr\f2 '■ (^, 5r) (E, g) is a Riemannian submersion. In addition (E, J-'r\-^, gr) 
is a s.r.f and the liftings of horizontal geodesies 0/ (E, J^js, 17) are horizontal 
geodesies of (tl,Tr\-^, gr)- 

Furthermore, by successive blow-ups, we have a regular Riemannian foliation T on 
a compact Riemannian manifold M and a desingularization map p : M ^ M that 
projects each leaf L of T into a leaf L of T . 

The above theorem generalizes a result due to Molino pT who proved items 
(a) and (b) under the additional conditions that the leaves of T are the closure of 
leaves of a regular Riemannian foliation. 

Remark 1.3. In ^14^ Toben used the blow-up technique (on Grassmannian manifold) 
to study equifocal submanifolds. Lytchak ^ generalized the blow-up introduced 
by Toben and proved that a singular Riemannian foliations admits a resolution 
preserving the transverse geometry if and only if it is infinitesimally polar. 

Remark 1.4. Let be a singular Riemannian foliation of a complete Riemannian 
manifold {AI,g). Suppose that the leaves of J- are closed embedded. Then the 
conclusion of Theorem II .21 remains valid, if the tubular neighborhood Tubr(E) is 
replaced by a JF-invariant neighborhood 1/ of E in M and the tubular neighborhood 
Tubr(S) is replaced by the neighborhood 7r~^{V) of E in Mr(E). In particular, by 
successive blow-ups, we have a regular Riemannian foliation on a complete Rie- 
mannian manifold M and a desingularization map p : M ~t M that projects each 
leaf L oi T into a leaf L of T. This can be proved, following the proof of Theorem 
11.21 and replacing Tubr(E) by the neighborhood V constructed in Proposition l2.18l 

In the particular case of s.r.f with compacts leaves on a compact manifold, we 
conclude that, for each small e > 0, we can find M and JF so that the desingular- 
ization map induces an e-isometry between M / F and M j T . In other words, we 
have the next result. 

Theorem 1.5. Let T be a singular Riemannian foliation on a compact Riemannian 
manifold M . Assume that the leaves of T are compact. Then for each small positive 
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number e we can find a regular Riemannian foliation T with compact leaves on a 
compact Riemannian manifold M and a desingularization map p : M ^ M with 
the following property: if q,p (z M then 

\d{Lq, Lp) - d{Lq, Lp)\ < € 

where p = p{p) and q p{q)- 

The above result implies directly the next corollary (see appendix). 

Corollary 1.6. Let T he a singular Riemannian foliation on a compact Riemann- 
ian manifold M. Assume that the leaves of T are compact. Then for each small 
positive number e we can find a regular Riemannian foliation T with compact leaves 
on a compact Riemannian manifold M so that dc-HiM/ J-', M j T) < e, where dc-H 
is the distance of Gromov-Hausdorff. 

Remark 1.7. Recall that if is a Riemannian foliation with compact leaves on a 
complete Riemannian manifold M, then M/JF is a Riemannian orbifold (see Molino 
[To]). Therefore the above corollary implies that MjT is a Gromov-Hausdorff limit 
of a sequence of Riemannian orbifolds {(M„/jr„)}. 

Remark 1.8. Theorem 11.51 and CoroUarv 11.61 remain valid if we assume that T 
is a s.r.f on a complete Riemannian manifold such that the leaves of are closed 
embedded and MjT is compact. This can be proved using Remark ll.4l and following 
the proof of Theorem 11.51 

This paper is organized as follows. In Section 2 we discuss some results from the 
theory of s.r.f that are used in the proof of Theorem ll.2l In Section 3 and 4 we prove 
Theorem 11.21 and Theorem 11.51 respectively. Finally, in Section 5 (appendix) we 
recall some basic facts about Gromov-Hausdorff distance that imply that Corollary 
11.61 follows from Theorem 11.51 

2. Properties of a s.r.f. 

In this section we review some results and proofs of [TO^ and [4| that will be 
needed to prove Theorem 11.21 We also present some new propositions. 

We start by recalling equivalent definitions of regular Riemannian foliations. 

Proposition 2.1 ([10 ). Let T he a foliation on a complete Riemannian manifold 
{M,g). Then the following statements are equivalent 

(a) T is a Riemannian foliation. 

(b) For each q M there exists a neighborhood U of q in M , a Riemannian 
manifold {cr,b) and a Riemannian submersion f : {U,g) — > (cr, 6) such that 
the connected components of T r\U (plaques) are pre images of f. 

(c) Set gx := A*g where Ap : TpM VpL is the orthogonal projection. Then 
the Lie derivative Lxgx is zero for each X G Ay, where Xjr is the module 
of smooth vector fields on M that are tangent at each point to the corre- 
sponding leaf. In this case gr is called the transverse metric. 

Throughout the rest of this section we assume that is a singular Riemannian 
foliation (s.r.f) on a complete Riemannian manifold M. 

The first interesting result about s.r.f. is the so called Homothetic Transforma- 
tion Lemma of Molino (see [IHl Lemma 6.2]). 
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By conjugating the homothctic transformations of the normal bundle vP of a 
plaque P via the normal exponential map, one defines for small strictly positive 
real numbers A, a homothctic transformation h\ with proportionality constant A 
with respect to the plaque P. 

Proposition 2.2 ( lOj). The homothetic transformation h\ sends plaque to plaque 
and therefore respects the singular foliation T in the tubular neighborhood Tub(P) 
where it is defined. 

The next two propositions contain some improvements of Molino's results (com- 
pare with Theorem 6.1 and Proposition 6.5 of [TD]). 

Proposition 2.3 ([4]). Let g be the original metric on M and q G M. Then there 
exists a tubular neighborhood Tub(Pg) and a new metric g on Tub(P,j) with the 
following properties. 

(a) For each x £ Tub(Pq) the normal space of the leaf Lx is tangent to the slice 
Sq which contains x, where q £ Pq. 

(b) Let TT : Tub(Pg) Pq be the radial projection. Then the restriction tt\p^ is 
a Riemannian submersion. 

(c) J^nTuh{Pq) is a s.r.f 

(d) The associated transverse metric is not changed, i.e., the distance between 
the plaques with respect to g is the same distance between the plaques with 
respect to g. 

(e) // a curve j is a geodesic orthogonal to Pq with respect to the original metric 
g, then j is a geodesic orthogonal to Pq with respect to the new metric g. 

Proof. Let Xi,...,Xr G Xyr (i.e., vector fields that are always tangent to the 
leaves) so that {^i((j')}i=i,...,r is a linear basis of TqPq. Let ipj^ , ■ ■ ■ , ^fil^ denote the 
associated one parameter groups and define ip(ti, . . . ,tr,y) := (p\^ o ■ ■ ■ o tp^^ where 
y & Sq and {ti, . . . ,tr) belongs to a neighborhood J7 of G K*". Then, reducing U 
and Tub(Pq) if necessary, one can guarantee the existence of a regular foliation 
with plaques Py = ip{U,y). We note that the plaques P^ C Pz and each plaque 
P^ cuts each slice at exactly one point. Using the fact that 7r|p2 : P^ — > P, is a 
diffeomorphism, we can define a metric on each plaque Py as g^ :— {Tr\p2)*g. 

Now we want to define a metric g^ on each slice S S {Sq}qQp^. Set Dp :— VpL"^ 
and define H : TpM Dp as the orthogonal projection with respect to g. The fact 
that each plaque P^ cuts each slice at one point implies that n|TpS : TpS Dp 
is an isomorphism. Finally we define g^ := (n.\Tps)*9 ^^'^ 9 •= 9^ +5^) meaning 
that and the slices meet orthogonally. Items (a) and (b) follow directly from 
the definition oi g. 

To prove Item (c) it suffices to prove that the plaques of are locally equidistant 
to each other. Let x £ Sq, P^ a plaque of J-. We know that the plaques of T are 
contained in the leaves of the foliation by distance-cylinders {C} with axis P^ with 
respect to g. We will prove that each C is also a distance-cylinder with axis Px 
with respect to the new metric g. These facts and the arbitrary choice of x will 
imply that the plaques of J- are locally equidistant to each other. 

First we recall that a smooth function / : M ^ R is called a transnormal 
function with respect to the metric g if there exists a C'^{f{M)) function b such 
that (7(grad /, grad f) — bo f. According to Q-M Wang [15] there are at most two 
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critical level sets of the transnormal function f and each regular level set of f is a 
distance cylinder over them. 

Let / : Tub (Pa;) ^ R be a smooth transnormal function with respect to the 
metric g so that each regular level set f~''^{c) is a cylinder C with axis Px, e.g. 
f{y) ~ d{y, PxY ■ Let grad / denote the gradient of / with respect to the metric g. 
It follows from the construction of g that 

(2.1) g^^/ = grad/ + ? 

where Hs a vector tangent to a plaque of and in particular to a plaque of T. 
Indeed, let v € Dp and w := (n|Tps)~^(^^)- Then 

5(grad /, v) = df{v) 

= df{w) 

= .9(grad/,w) 

= 5^(grad/,w) 

= 5(ngrad/,nw) 

= ^(ngrad/,!;) 

We conclude from the arbitrary choice of t; e Dp, that grad / = Ilgrad /, and 

hence grad / = grad / + L 

Equation (j2.ip implies that / is a also a transnormal function with respect to 
the metric g, i.e., 

(2.2) 5(g^^/,g^^d/) = 6o/, 
Indeed, 

5(grad /,grad /) = d/(grad /) 
= (grad /) 
= g(grad /,grad /) 
= bof 

Using a local version of Q-M Wang's theorem [T5', we conclude that each regular 
level set of / (i.e. C ) is a distance cylinder around Px with respect to the metric 
9- 

To prove item (d) we have to prove that the distance between the cylinder 
C and the plaque Px is the same for both metrics. Let / be the transnormal 
function (with respect to g) defined above. According to Q-M Wang [15] for k — 
f{Px) and a regular value c we have d{Px, f~^{c)) — J^^ —jS=. Since / is also 



/6(s) 

a transnormal function with respect to g (see equation ()2.2p ). we conclude that 
d{Px, C) = J(P,, C), for C = f-\c). 

Finally we prove item (e). We consider the transnormal function / above with 
X — q. In this case, equation (|2.ip and the fact that grad / € Dp n TPS' imply 
that grad / = grad /. On the other hand, the integral curves of the gradient of a 
transnormal function are geodesic segments up to reparametrization (see e.g. |15)). 
Therefore the radial geodesies of Pq coincide in both metrics. This finishes the 
proof. 

□ 
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Proposition 2.4 ([4j). There exists a new metric go on Tuh{Pq) with the following 
properties: 

(a) Consider the tangent space TqSq with the metric g and Sq with the metric 
go- Then exp^ : TqSq Sq is an isometry, for q G Pq. 

(b) For this new metric go we have that (1 Sq and T restricted to Tub(Pg) 
are also s.r.f. 

(c) For each x G Tub(Pq) the normal space of the leaf is tangent to the slice 
Sq which contains x, where q € Pq. 

Remark 2.5. Clearly a curve 7 which is a geodesic orthogonal to Pq with respect 
to the original metric, remains a geodesic orthogonal to Pq with respect to the new 
metric go- 

Now we briefly recall some properties about the stratification of M. 

Proposition 2.6 (^10 ). Each stratum is an embedded submanifold and a union of 
geodesies that are perpendicular to the leaves. 

With this result one can easily see that the induced foliation on each stratum is 
a Riemannian foliation and that the restriction of the metric to the stratum is a 
bundle-like metric. The observation that every geodesic perpendicular to a stratum 
is perpendicular to the leaves allow us to adapt the argument of Proposition 12.21 
and conclude the next result. 

Proposition 2.7 ([lOj). Let Y, he a singular stratum. Consider a tubular neigh- 
borhood Tub(J7) of a relatively compact open set U of Yi. Then the plaques of 
.FnTub(C/) are contained in the the cylinders of axis U. In addition, the foliation 
is locally invariant by the homothetic transformations with respect to the stratum. 

An important property of a s.r.f J- is the so called equifocality of J- . Roughly 
speaking this means that the "parallel sets" of each leaf are leaves of T. In order to 
make this concept precise, we need to recall the definition of foliated vector field. 
Let L be a leaf of JF, the stratum of L and Ay^, the module of smooth vector 
fields on S l that are tangent at each point to the corresponding leaf. A vector field 
^ on Si is called foliated if for each vector field Y G Xjr^ the Lie bracket Y] also 
belongs to Xyr^. If we consider a local submersion / which describes the plaques 
of .Fjs^ in a neighborhood of a point of L, then a normal foliated vector field is a 
normal projectable/basic vector field with respect to /. 

Remark 2.8. The Bott or basic connection V of the foliation is a connection 

of TE with WxY = [X, Y^'^ whenever X G Xjr^ and Y is vector field of the normal 
bundle vJ- of the foliation. Here the superscript vT denotes projection onto vT . 
A foliated vector field clearly is parallel with respect to the Bott connection. This 
connection can be restricted to the normal bundle of a leaf. 

Theorem 2.9 ([4j Equifocality oiT). Let J- be a s.r.f. on a complete Riemannian 
manifold M . Then for each point p there exists a neighborhood U of p in Lp such 
that 

(1) For each normal foliated vector field ^ along U the derivative of the map 
rj^ : U ^ M, defined as rj^{x) :— exp^(^), has constant rank. 

(2) W :— ri^{U) is an open set of L,^^(^py 
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Corollary 2.10 ([4]). Let Lp be a regular leaf with trivial holonomy and ^ denote 
the set of all normal foliated vector fields along Lp. 

(1) Let ^ G S. Then r]^ : Lp Lq is a covering map if q = rj^^p) is a regular 
point. 

(2) J- = {Ti^{Lp)}^(zs, i.e., we can reconstruct the singular foliation by taking 
all parallel submanifolds of the regular leaf Lp. 

Corollary 2.11 (0]). Let ^ be a geodesic orthogonal to a leaf L and tangent to the 
stratum Sl- Then the points of ^ that do not belong to T,l are isolated on 7. 

Remark 2.12. In [4j we only proved the equifocality of regular leaves. Nevertheless, 
as can be easily checked, the same prove is valid for singular leaves, if one consider 
foliated vector fields tangent to the stratum. 

The equifocality of !F and Proposition 12 . 71 implv the next result. 

Proposition 2.13. Let T be a s.r.f, E the minimal stratum of J- and q e S. For 

each X G Pg, set :— exp^(z/(S) n i?e(0)). Then there exists a neighborhood U of 
q in Yi such that if a plaque P of T meets Tq, we have $ ^ P H d T^ for all 

xeUnPq. 

Proof Let /3 be a curve in P such that /3(0) G Tq and /3(1) G S^. Let 7 : [0, 1] Tq 
be the minimal geodesic such that q — 7(1) to 7(0) = /3(0). It follows from 
Proposition 12.21 that 7|[o,i) is contained in the same stratum of /3(0). Therefore we 
can transport the horizontal geodesic 7 with respect to the Bott connection along 
p. Let 11^7 be this transported geodesic and note that ||/37(i) € -^7(4) for t G [0, 1]. 

First we will prove that 1 1^7 is orthogonal to S. Assume that this is not the case. 
Since x is near to q we have that ||^7 is not tangent to S. Then, since \ \fjj is not 
orthogonal to S, there exists a piecewise horizontal geodesic a that joins E to /3(1) 
so that a coincides with ||/37|[o.5] and l{a) < i.e., the length of a is lower 

then the length of II/37. Note that a also belongs to the stratum that contains /3(1) 
and hence we can transport a with respect to the Bott connection along (3~^. We 
conclude that Z(||^-ia) < Z(7), which contradicts the fact that 7 is orthogonal to 
E. Therefore \ is orthogonal to E. 

On the other hand, by the equifocality of JF, we have that ||/37(1) = x. 

These two facts together imply that ||^7 C T^ and in particular that /3(1) G T^. 

□ 

We also need the next result due to Molino [10, Proposition 6.4], which we 
reformulate as follows. 

Proposition 2.14. Let J- be a s.r.f. with respect to a metric g. Let g be another 
metric with following property: (E,JF|s) is a Riemannian foliation with respect to 
g, for each stratum E. Then J- is a s.r.f with respect to g. 

Proof. It suffices to prove the result in a neighborhood of a plaque Pq C E^. Note 
that the result is already true for the regular stratum. By induction, we can assume 
that it is also true for Us>rEs. 

Let 7 be a segment of geodesic (with respect to g) that is orthogonal to the 
plaque Pq at 7(0) = q. 

First we consider the case when 7'(0) is not tangent to E^. 

Claim 1: Set U = Tub(Pg) n (Us>rEs). Then 7 n [/ is orthogonal to the leaves 
that it meets. 
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In order to prove Claim 1 set vq := 7'(0). Let Vq be the hyperplane orthogonal 
to vo relatively to g. Note that TqP C Vq. Let vq be a vector orthogonal to Vq 
relatively to g and 70 the geodesic (relatively to g) with 7'(0) = vq. 

At first assume that vq is not tangent to S^- 

Set Vt := T^(4)9Tub(Pg) where 9Tub(Pg) is a geometric cyhnder of axis P-y(q) 
with respect to the original metric g. Since J- is a s.r.f (with respect to g) we 
have P-y{t) C Vt- Now, for each t consider a segment of geodesic 74 (with respect 
to g) such that 7f(0) = j{t) and 7j(0) is orthogonal to Vt relatively to g. Then 
each geodesic 74 is orthogonal to the leaves of !F relatively to g, because jt C U, 
P~f(t) C Vt and n J7 is a s.r.f. Since 74 converges to 7, we conclude that 7 is 
orthogonal to the leaves of T (relatively to g). 

Now assume that uq is tangent to S^- 

Consider a sequence of vectors {vi} that converges to uo so that each u,; is orthog- 
onal to Pq (relatively to g) and Vi is not tangent to S^- Define the hyperplane 
orthogonal to Vi (relatively to g). Since V"^ converges to Vq we can define a sequence 
of vectors {vi} orthogonal to V^ (relatively to g) that converges to vq. Let 7^ be 
the geodesic (with respect to g) such that 7j'(0) — Vi. It follows from the above 
discussion that each geodesic 7^ is orthogonal to the leaves of T (with respect to 
g). Since {7^} converges to 7 we infer that 7 is orthogonal to the leaves of (with 
respect to g) and this conclude the proof of Claim 1. 

Claim 2: The segment of geodesic 7 meets only at 7(0). 
In order to prove Claim 2 assume that 7(i) e C/ for < t < 1. First note that 
P^(t) is contained in an open set of a geometric cylinder of axis Pq. One can see 
this using the fact that Claim 1 is valid for each geodesic perpendicular to Pq and 
transversal to E^- Then note that P^(t) is contained in an open set of a geometric 
cylinder of axis ^^(i). This follows from the equifocality of n ?7 and from the 
fact that P^(t) converges to ^'^(i). Now by the same argument used in the proof of 
Proposition 12.21 we conclude that P^(i) is homothetic to P=y(t) a-nd hence has the 
same dimension of P^{t)- Therefore ^"7(1) is not contained in E^ and in particular 
7(1) does not belong to S^. 

Finally we consider the case when 7'(0) is tangent to Ex- 
claim 3: 7/7 is a geodesic orthogonal to Pq and tangent to Yi^, then 7 C E,.. In 
particular, since {J-, E^) is a Riemannian foliation, 7 is orthogonal to the plaques 
that it meets. 

Set i? = Er n exp^(z^Pq) n Tub(Pg). In order to prove Claim 3 we will prove that 
B = expg(TqE^ n VqPq) C] Tub(Pg). Assume that B is not contained in Tub(Fg) n 
exp^(TgEr n VqPq). Thcu there exists a point a; G E^ and a geodesic 7 orthogonal 
to Pq joining x to q such that 7 is not tangent to E^. This contradicts Claim 2. 
Therefore the submanifold B is an open set of the submanifold expg(rgEr H VqPq) H 
TvLo{Pq). It is easy to check that B is closed in expg(TgEr n VqPq) n Tub(Pg) and 
hence B = exp^(rgE^ n VqPq) n Tub(Fj. 

□ 

One can adapt the proof of the above proposition to get the next technical result. 

Proposition 2.15. Let T be a singular foliation on a Riemannian manifold {M,g) 
with the following properties: 

(a) Each stratum is a submanifold. 
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(b) The sequence of plaques {Px„} converges to Px when the sequence {xn\ 
converges to x. 

(c) The restriction of J- to each stratum is a Riemannian foliation. 

(d) For each vector v that is not tangent to a stratum S there exists a curve 
/? : [0, e) — > Af — E and a distribution t Vt along /3 such that 

(d.i) T^itjPm ^ Vt, 

(d.2) V is orthogonal to Vq. 
Then T is a s.r.f with respect to g. 

We conclude this section constructing a metric on a neighborhood of S with 
properties similar to the properties of the metric defined in Proposition 12.41 

Lemma 2.16. Let T he a s.r.f on a complete Riemannian manifold M with metric 
g and S the minimal stratum (with leaves of dimension ko). Then, for each q d T, 
there exists a neighborhood Ua of q in T, and metric g^ on Tuhr{Ua) such that: 

(a) J-' restrict to Tnhr{Ua) is a Riemannian foliation with respect to g^. 

(b) There exists a smooth distribution H , whose dimension is equal to the codi- 
mension of Lq, such that the normal space of each plaque o/ J^|Tub(c/Q) (with 
respect to g^) is contained in H. 

(c) For X d Ua, consider the tangent space T^Sx with the metric g. Then 
d(exp^)^ : (T^TxSx) Hcxp^{^) o,n isometry, where ^ G Vx^- 

Proof. For ^ G Vxi^) set i?oxp (^) ■— Pcxp .{i)^^' ^^"^ foliation constructed 

in the proof of Proposition 12.31 Reducing Tubr(C/Q) if necessary, note that the 
plaques P^ C Pz and each plaque P^ cuts each slice at exactly one point. In 
particular TP^^^ © ^oxp^ (^) = ^^oxp^ (^) M. On each TP^^^ j-^^ consider the metric 
(5q)^ := {tt\tp^ )*9, where tt : Tuhr{Ua) ^ S is the radial projection. Define a 
metric (g^)^ on iJcxp^(^) such that exp^(T^TxSx) — > i?oxpj^(5) is an isometry. Finally 
set g^ '■= {gaV + (ffa)^! meaning that JF^ and the distribution H meet orthogonally. 

Let P be a plaque and Sp the stratum that contains P. It follows from Propo- 
sition [2Tl3] that the transverse metric restrict to Sp on P coincides with the trans- 
verse metric constructed in Proposition 12.41 By Proposition 12.41 the Lie derivative 
Lx{ga)T is zero. We can use the same argument to conclude that the Lie derivate 
of the transverse metric (5q)t along each other plaque of Ep is also zero and hence, 
by Proposition 12.11 -^Is is a Riemannian foliation with respect to g'^. Therefore, 
by Proposition 12.141 is a singular Riemannian foliation with respect to gj^. 

□ 

Proposition 2.17. Let T be a s.r.f on a compact Riemannian manifold {M,g) 
and Yi the minimal stratum (with leaves of dimension kg). Then there exists a 
neighborhood Tubr(S) o/ E and a metric g^ on Tubr(E) such that: 

(a) J-' restrict to Tubr(I]) is a Riemannian foliation with respect to g'^ . 

(b) There exists a smooth distribution H , whose dimension is equal to the codi- 
mension of the leaves in E, such that the normal space of each plaque of 
•^lTubr(S) (with respect to g'^ ) is contained in H. 

(c) For g e E, consider the tangent space TqSq with the metric g. Then 
d(exp^)^ : {T(TqSq) -ffcxp,(^) o^n isometry, where ^ e i^gE. 

Proof. Consider a open covering {Ua} of E by neighborhoods defined in Lemma 
12.161 and a partition of unity (j)a subordinate to it. Set g^ := X] i'ada- 
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To prove that is a s.r.f it sufhces to prove that the plaques of T are locally 
equidistant to each other. Let a; G 5'g, a plaque of T . For a fixed metric (jj^, we 
know that the plaques of T are contained in the leaves of the foliation by distance- 
cylinders {C} with axis Px with respect to g". We will prove that each C is also a 
distance-cylinder with axis Px with respect to the new metric . These facts and 
the arbitrary choice of x will imply that the plaques of T are locally equidistant to 
each other. 

As we have recalled before, a smooth function / : M ^ M is called a transnormal 
function with respect to the metric g if there exists a C'^{f{M)) function b such 
that g(grad /, grad f) = bo f. According to Q-M Wang JJ] there are at most two 
critical level sets of the transnormal function f and each regular level set of f is a 
distance cylinder over them. 

Let / : Tuh{Px) ^ R be a smooth transnormal function with respect to the 
metric g^, so that each regular level set /~^(c) is a cylinder C with axis Px, e.g. 
f{y)^d{y,Px)'. 

Claim 1 : 

(1) C is a a distance-cylinder with axis Px with respect to each metric g'^. 

(2) (grad /)^ = (grad /)°, where (grad /)° and (grad f)^^ are the gradients 
with respect to the metrics 5^ and (7J3. 

(3) b:=b<i^bl. 

In fact, (grad /)^ and (grad /)° are orthogonal to C with respect to g° and In 
particular they are perpendicular to Py. We conclude that (grad /)|^ and (grad /)° 
belong to Hy (see item (b) of Lemma r2.16|) . Since g°|_ff = g'^ln (see item (c) of 
Lemma r2.16p . we conclude that (grad f)^ — (grad /)^. This implies in particular 
that 6° = 65^. 
Claim 2 : 

(1) / is a transnormal function with respect to g^. 

(2) &o = b. 

In order to prove Claim 2, first note that (grad /)° = (grad /)° . In fact 



g'iigmd ft,V) = Y.^P9${{gr^d ft,V) 

= Y.^pg%{gr&d f)%V) 



= Y.^pdf{v) 



= df{V) 

= ff°((grad/)",F). 



Now we can see that / is a transnormal function with respect to g^ . 
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ff"((grad /)°, (grad /)«) = ^ </'/35?((grad f)% (grad /)^) 

= ^<Pl3bo f 

13 

= 60/. 

Using a local version of Q-M Wang's theorem, we conclude that each regular 
level set of / (i.e., C ) is a distance cylinder around with respect to the metric 

□ 

The conclusion of the above result remains valid if M is a complete Riemannian 
manifold and the leaves of T are closed embedded. 

Proposition 2.18. Let J- be a s.r.f on a complete Riemannian manifold {M,g) 
and S the minimal stratum (with leaves of dimension ko). Assume that the leaves 
of J- are closed embedded. Then there exists a T -invariant neighborhood V of Y, 
and a metric g'^ on V such that: 

(a) T restrict to V is a Riemannian foliation with respect to (7° . 

(b) There exists a smooth distribution H , whose dimension is equal to the codi- 
mension of the leaves in E, such that the normal space of each plaque of 
T\v (with respect to g^) is contained in H. 

(c) For g G S, consider the tangent space TqSq with the metric g. Then 
diex^q)^ : {T(TqSq) -ffoxp^CJ) o^n isometry, where ^ £ z^gE. 

Proof. We must find a J^-invariant neighborhood of S in M such that exp is 
a diffeomorphism between a neighborhood of S in z/E and the neighborhood V. 
Then the rest of proof is analogous to the proof of Proposition 12 . 171 if one replaces 
Tuhr{Ua) by Tubr{Ua) n V. In what follows we construct the neighborhood V. 

Claim 1: For each L there exists a small r such that Tnhr{L) is a geometric tube. 

In order to prove Claim 1, consider a point xq € L. Since L is closed embedded 
we can find r > such that 

• B2r{xo) n L is a connected submanifold. 

• For X G [B2r{xo) n L) — {xq} the set S2r{x) = exp^(_B2r(0) n v^L) is an 
embedded submanifold. 

• Sr{x) n Sr{xo) = for X e (B2r(a;o) n i) - {xo}. 

• 1/ n S2r{X[)) = {xq}. 

Let X E L and ^ G ly^L with ||^|| < r. Set 7 : t ^ exp^(t^). Then the choice 
of r, the equifocality of and the fact that the leaves of !F are closed embedded 
imply that 7 : [0, 1 + e) ^ M is a minimal segment of geodesic. Hence 7(1) is not 
conjugate to 7(0). This allow us to conclude that exp^ : i?r(0) n i^xL — > M is an 
immersion. The choice of r, the equifocality of J- and the fact that the leaves of 
.F are closed embedded also imply that the immersion exp^ : Br{0) fl VxL M is 
injective and that Sr{x) (1 Sr{y) = 9 ii x ^ y. This finishes the proof of Claim 1. 

It follows from Claim 1 that tt : M — > MjT is an open map. 

By Proposition 12 . 1 3l and the same arguments of Claim 1 we can deduce the next 
claim. 



12 



MARCOS M. ALEXANDRINO 



Claim 2: For each L we can find a neighborhood Ul d of L and rL such that 
T\\hr^{UL) is a geometric tube. 

Set U ;= UigsTubrj^ (f/i). Note that U is J^-invariant and exp is a local difFeo- 
morphism between a neighborhood U of S in z/E and U . 

Now we define vYi/T as the quotient of vYi with the following relation. Consider 
^1)^2 G vY. and set t li{t) = exp(i^i). We say that [^i] = [^2] if there exists 
e > such that 71 (e) and 72 (e) are in the same leaf and one can transport 71 to 72 
by parallel transport with respect to Bott connection. 

Claim 2 implies that the projection tte : i/S vYi/T restricted to a neigh- 
borhood of E in vYi is an open map. This fact and the fact that [i^i] = [^^2] if 
Ki] — K2] imply that ttj] : vYj vYj/T is an open map. 

Define expjp : vYi/T M/T as expjpOTTs = Troexp. Since tt^, tt are open maps 
and exp : ?7 — > t/ is local diffeomorphism, we infer that exp^^ : 7rj](t/) t^{U) is a 
local homeomorphism. 

Since Yj/ T \s closed, it follows from a classical result of topology (see Kosinski [H 
Lemma 1.7.2]) that there exists a neighborhood Vi of Yj/ T in vYjT and V2 of YjT 
in MjT such that expj^ : Vi ^ V2 is a homeomorphism. Finally set V-j, — 7r^^(V2) 
and define V ■.= V-iC\U. 

□ 

3. Proof of Theorem 11.21 

The construction of the desired metric Qr on a blow-up space Mr(E) will require 
several steps. 

The first step is the construction of a metric g on a neighborhood of E with 
properties similar to the properties of the metric defined in Proposition 12.31 

Proposition 3.1. Let E be the minimal stratum (with leaves of dimension ko). 
Then there exists a neighborhood Tubr(E) 0/ E and a metric g on Tubr(E) such 
that: 

(a) restrict to Tubr(E) is a Riemannian foliation with respect to g. 

(b) The associated transverse metric is not changed, i.e., the distance between 
the plaques with respect to g is the same distance between the plaques with 
respect to g. 

(c) // a curve ^ is a unit speed segment of geodesic orthogonal to E with re- 
spect to the original metric g, then ^ is a unit speed segment of geodesic 
orthogonal to E with respect to the new metric g. 

(d) There exists a smooth distribution H , whose dimension is equal to the codi- 
mension of the leaves of !F\y,, such that the normal space of each plaque of 
•^lTub^(E) (with respect to g) is contained in H. 

(e) The restriction of the metric g to the stratum E coincides to the restriction 
of the original metric g to Y,. 

Proof. First note that the proof of Proposition 12.31 works if we replace TP^ by a 
possible nonintegrable distribution V so that V is always tangent to the leaves. 

Now consider the metric g'^ and distribution H of Proposition 1 2 . 1 71 and define V 
as the orthogonal space (with respect to g°) to H . Note that V is always tangent 
to the leaves of T. 

Using the fact that (i7r|p ; P ^ Pg is an isomorphism, we can define a metric on 
V as 52 := 
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Let D be the normal distribution to V with respect to the original metric g and 
define 11 : TpM — > Dp as the orthogonal projection with respect to g. Note that 
II\h ■ Hp — > Dp is an isomorphism. We define :— (n|/f )*g and g ■= + g^, 
meaning that V and the distribution H meet orthogonally (with respect to g). 

Finally we can repeat the same arguments of the proof of Proposition 12.31 to get 
the desired result. 

□ 

We come now to the second step of our construction, which is to change the 
metric g in some directions, getting a new metric on Tubr(S) — S. 

First note that for small ^ G VqY, we can decompose Texp^(^)Af as a direct sum 
of orthogonal subspaces (with respect to the metric g of Proposition 13. ip 

where ^^-j is orthogonal to iJcxpg(5) and iJ^^p (^) "-^ -^cxpg(^) is defined below. 

(1) ^exp,(«) '^^ ^^^^ generated by ^ expg{t^)\t=i. 

(2) Set = exp^(i.(E) n B,{0)). Then H^^^^^^) C T,^p^(^)Tq and orthogonal 

to^oxp,(e)- 

(3) ^oxp,(4) is orthogonal to T^^p^^^^Tq. 

Now we define a new metric g^^ on Tubr(S) — E as follows: 
(3.1) g^^p^^^){V,W) := g{V^,W^) + g{VuW,) + j^~g{V2,W2) + giV3,W3), 
where V,,W, € i/^^^^^^^ and V^,W^ G ff^p^^^). 

Proposition 3.2. J- is a s.r.f on Tubr(S) — S with respect to g^ . In addition if 
7 : [0, a] — !■ Tubf.(S) is a unit speed geodesic orthogonal to S with respect to the 
original metric g, then 7|(o,a] is a unit speed geodesic with respect to g*^. 

Proof. Let P be a plaque and S p the stratum that contains P. Note that if Y is 
a foliated vector field along P tangent to and Hi at a point a;, then it follows 
from Proposition 12.131 that Y is always tangent to Hi and Sp. Also note that 
the function is constant along P (see Proposition l2.7p . These two facts and 

Proposition 13.11 imply that the Lie derivative Lx{g^)T is zero. We can use the 
same argument to conclude that the Lie derivate of the transverse metric (5*^)t 
along each other plaque of Ep is also zero and hence, by Proposition [231 -^Is is a 
Riemannian foliation with respect to g^ . Therefore, by Proposition I2.14[ is a 
s.r.f on Tubr(5]) — S with respect to g^ . 

Now we prove that 7|(o,a] is a geodesic with respect to g'^' . It suffices to prove that 
for each to G (0, a] there exists e > such that ^[to^t.to] is a geodesic. Suppose that 
this is not true. Since 7 is a horizontal geodesic with respect to g (see Proposition 
13. ip all the leaves -£'7(4) belong to the same stratum for t € (0, a]. Then 

for small e there exists a segment of horizontal geodesic (with respect to to g*^) 
(3 C ^^(a) that joins L^i^t^-^ to L^(^t^_^-^ and so that 

F^(/3) < F(7l[to-Mo]) 
= Kl\[to-t,to])- 
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where and /*^(-) denote the length of the curve with respect to the metrics g 
and g*^. On the other hand, 

We arrived at a contradiction, and hence ^[to-e,to] is a geodesic. 

□ 

In the third step of our construction we puUback the metric g^^ to the blow-up of 
Tubr (E) along E (denoted here by N) and then prove that the induced foliation !F 
on iV is a s.r.f with respect to this new metric. We start by recalling the definition 
of blow-up along a submanifold. 

Proposition 3.3. Let Tubr(E) he the neighborhood of the minimal stratum E de- 
fined in Provosition \3 . 1\ Then 

(a) N := {{x,[(]) e Tubr(E) x P(iyE)|x G exp-'-(t^)} is a smooth manifold 
(called blow-up o/ Tubr(E) along Y,) and tt : N ^ Tub, (E), defined as 
^{^1 K]) = X is also smooth. 

(b) S := 7r-i(S) = Kl) e N} = P(i^E), where p : P(i^E) ^ E is the 
canonical projection. 

(c) There exists a singular foliation on N so that tt : (iV— E, J^) —^ (Tubr(E) — 
E,J-') is a foliated diffeomorphism. 

Proof. The proofs of items (a) and (b) are standard. In order to prove item (c) one 
can use the equifocality of T (see Theorem 12. 9|) and the same argument used for 
blow-up of isometric actions (see Duistermaat and Kolk fSj Section 2.9]). □ 

Proposition 3.4. Consider the manifold N and the map tt : TV — > Tubr(E) defined 
in Provosition \3.S\ Then there exists a metric g on N with the following properties: 

(a) if a unit speed geodesic 7 is orthogonal to E with respect to g, then ■^'(7) is 
a unit speed geodesic orthogonal to E with respect to the original metric g. 

(b) ttIj; : (E,^) — > (E,g) is a Riemannian submersion. 

(c) {N,T,g) is a s.r.f. 

(d) (E, is a s.r.f and the liftings of horizontal geodesies of (E, .^Is, g) 
are horizontal geodesies of {T,,!F\j^,g). 

Proof. Since tt : TV — E ^ Tubr(E) — E is diffeomorphism, we can define a metric 
on N — Yi ds g :— 7r*g^^ . We want to define a metric along E. 

Let ^ be a vector of z^E with ||^||=1. Consider the curve t j{t) := (exp(t^), [£]) 
on N and define the metric g so that 7'(0) is orthogonal to E and g{y{0), 7'(0)) = 1. 

Note that a vector V[^] g ^[5]^ is the radial projection on S of a vector Vt G 
T^(t)^-i(9Tubt(E)) and define g(%,%) := \imt-,o g{Vt,Wt). 

Lemma 3.5. g is well defined and smooth. 

Proof. It is not difficult to check that g is well defined. In order to prove that 
g is smooth we must find a smooth local frame {Bi} in a neighborhood of a point 
[^0] G E = P(i^E) and show that g{ei,ej) is smooth. Set qo := 7r([^o])- Define smooth 
linearly independent vector fields ei, . . . , orthogonal to the foliation {T} where 
Tq := exp^(i/(E) ni?e(0)) for g e E near q^. One can construct smooth vector fields 
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ei, . . . , Cfe in a neighborhood of [^o] such that dTrii ~ a. This can be done using 
local coordinates of N and Tub,.(S) and the fact that for each smooth function 

with a{0,9) = we can find a smooth function b such that a{r,9) — rb{r,9). 
We note that gx{ei,ej) = g^\i,){ei,ej) = g#(i)(ei,ej) is smooth for 1 < i,j < 
k. Now one can find a smooth linearly independent vector fields efe+i, . . . ,e„-i 
in a neighborhood of [^o] such that dirca = d{eyi-pq)r(,ij'v%) where v% S VqY, is 
orthogonal to ^ € I'^S and depends smoothly on ^, which is near ^o- We conclude 
that ga(ea,e/3) = g^j^,) (d(expg)r^ d(exp^)rj (i;!)) is smooth for A; + 1 < a, /3 < 
71—1. By construction, g(ei,ea) = for 1 < i < k and k + l<a<n~l. 
Finally one can define e„ as a vector field such that d-Kin is tangent to unit speed 
geodesies orthogonal to S. It follows from the construction that g{en,en) = 1 and 
g(e„,ej) = for j ^ n. 

□ 

Item (a) follows direct from Proposition 13.21 and item (b) is proved below. 

Lemma 3.6. 7r|g, : — > (^,(7) is a Riemannian submersion. 

Proof. Let ti e T^S be a unitary vector with respect to g and recall that g|s = 
Let 7 be a geodesic orthogonal to E. Consider a unitary vector field t v{t) along 7 
orthogonal to Tq = exp^(j/g5]ni?e(0)) (with respect to g) so that v{Q) = v. Let 7 be 
the horizontal geodesic in TV such that 71(7) = 7 and v the vector field along 7 such 
that d-KV = V. Note that ^(O) is tangent to S and is orthogonal to n\^^{q). Finally 
note that d'ifv{0) — limt^Q dTTv{t) = v and ^(^(O), ■O(O)) = Yivcit^Q g{v(t),v[t)) — 

1 — g{v). The last two equations imply the result. □ 

Item (c) is proved in the next lemma. 
Lemma 3.7. J- is a s.r.f on N with respect to g. 

Proof. Proposition 13.21 implies that is a s.r.f on TV — E. Hence we have to prove 
that J- is a s.r.f in a neighborhood of a point g € E. In what follows we will prove 
that item (d) of Proposition [2TT51 is satisfied. 

The fact that !F is a s.r.f on TV — E, Proposition 12. 151 and radial projection on 
C := 7r"i(9Tube(E)) imply that [T,C,g) is a s.r.f. The fact that {T , C,g) is a s.r.f 
and the radial projection on E imply the next claim. 

Claim 1: (E,JF|g) is a s.r.f with respect to some metric. 

Let c/T be the transverse metric (restrict to a stratum of E). Note that the Lie 
derivative Lxgr is zero for each X S Ay tangent to E, because each stratum of 
(E, JF|j,) is the intersection of the stratum of with E and Lxgr is zero outside 
the manifold S. This fact, Claim 1 and Proposition 1 2 . 1 41 implv 

Claim 2: (E,.^|j,,g) is a s.r.f. 

Consider a vector v G TgN orthogonal to Lq. We also suppose that v is not 
tangent to the stratum that contains q. Let € T^E so that v ^ v.^ + k^'iO) (for 
a real number fc). Since v and 7'(0) are orthogonal to Lq we conclude that 

Claim 3: Vf, is orthogonal to Lq. 

Claims 2 and 3 together with the fact that is not tangent to the stratum (in 
E) that contains q imply 

Claim 4: There exists a distribution t Vt along a curve f3 d T, that satisfies 
Item (d.l) of Proposition {2A5\ and so that is orthogonal to Vq. 
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Note that Item (d.2) of Proposition 12. 151 is also satisfied, i.e., v is orthogonal to 

Vb, since Vb C TgE and is orthogonal to Vo- 
lt is not difficult to check the other items of Proposition 12.151 and hence this 

proposition guarantee that J- is a s.r.f in a neighborhood of q. □ 

In order to prove item (d) recall that we have already proved in Claim 2 of 
Lemma [3771 that (S,JF|g,.g) is a s.r.f. 

The fact that the distribution is tangent to the leaves of !F and the same 
arguments of Lemma 13.51 and Lemma 13.61 imply that, for C S, there exists a 
base ei, . . . , e; of TgLg such that 

(1) ei, . . . , efe € h'qTT^^{q) and dfrei, . . . , dnek is a basis of TqL^ for q = ^{q). 

(2) Cfc+i, . . . ,e; e TgTr-^{q). 

Note that if a is the lifting of a horizontal geodesic of (S, 5), then a'{0) is 
orthogonal to for i = 1, . . . ,1. Therefore d is orthogonal to Lq. Since (E, J'l-^j 9) 
is a s.r.f, ci is a horizontal geodesic of (E, J^jj,,^) and this finishes the proof of item 
(d). 

□ 

In the last step of our construction, we glue N with a copy of M — Tubr(E), and 
hence we construct the space Mr(E) and the projection tt^ : Mr(E) M of Theo- 
rem [TT2] We can also induced the singular foliation on Mr(E). This procedure 
is analogous to the one used for blow-up of isometric actions (see Duistermaat and 
Kolk 6, Section 2.9]). 

We must define the appropriate metric gr on Mr(E). We need a partition of 
unity of Mj.(S) by 2 functions / and h such that 

(a) / = 1 in Tubr/2(E) and / = outside of Tub,.(S). 

(b) / and h are constant in the cylinders 9Tub£(E) for e < 2r. 

With these 2 functions we can define gr fg + hg and use Proposition 12.141 
and item (c) of Proposition 13.41 to prove that J> is Riemannian with respect to gr- 
items (a) and (b) of Theorem 11.21 follow by construction. Item (c) of Theorem 11.21 
follows from the fact that / and h are constant along the cylinders and from item 
(a) of Proposition [331 Finally item (b) and (d) of Proposition [33] implies item (d) 
of Theorem [HH 

We conclude this section with a remark that will be useful in the next section. 

Remark 3.8. Let /3 : [0, a] Mr(S) be a minimal segment of horizontal geodesic. 
First assume that L^^^y L^^^^ C Afr(S) — S. Then (3 does not meet S. In addition, 

(3.2) ~gr{dnr0'{t)),d7:r0'm < 9r0' {t)J' {tj), 

for the metric gr '■— fg + hg where / and h are defined as / = / o vr^ and g — goiTr- 
Note that, by continuity, equation (|3.2[) is also valid if L ^j^i^y L ^^^^^ C S. 

4. Proof of Theorem 11.51 

In order to prove Theorem [L5] it suffices to prove the next result. 

Proposition 4.1. Let J- he a singular Riemannian foliation with compact leaves on 
a compact Riemannian manifold {M,g) and S the minimal stratum of ^F. Consider 
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the Riemannian manifold (Mf.(S),5r) and the foliation J> defined in Theorem \1.2[ 
Then for each small e > there exists r such that for each q^p ^ Afr(S) we have 

\d{Lq,Lp) - dr{Lq,Lp)\ < e 

where p := TTr{p) and q :— TTr{q)- 

The proof of Proposition 14. II will require the next two lemmas. 

Lemma 4.2. For each small e > there exists r so that if -y : [0, i?] — > Mr(S) 
is a unit speed minimal horizontal geodesic (with respect to (jr) then there exists a 
piecewise smooth horizontal curve 7*^ : [0, i?"^] — > A'fr(S) and a partition — ti < 
. . . < Tm — with the following properties: 

(a) \l{Y)-l{^)\<e. 

(b) For each [t^jT^+i] one of the following conditions is fulfilled 

(1) 7'^|[ri,Ti+i] is a segment of j and 7'^|[Ti.Ti+i] H Tubr(S) = or 

(2) 7'^|[^. .^^^j^] is a horizontal geodesic orthogonal to S or 

Proof. Items (c) and (d) of Theorem 11.21 and the fact that M / T and E/jF are 
bounded imply that there exists A' > so that, for each r the diameter of Mr(S)/J> 
is lower than K. In particular we have 
Claim 1: R < K for each r. 

Let eo be a radius so that if Lp, Lq C E and d{Lp, Lq) < eq then each minimal 
segment of horizontal geodesic that joins Lp to Lq is contained in S. 

Claim 2: For ei < eo/3 we can find a small r such that if dr{Lp, Lq) < 2eo/3 
and p, g G E then 

M(^7r,(p)i ^7r,(g)) " dr{Lp, Lq)\ < €1. 

In order to prove Claim 2, let /3 be a minimal segment of horizontal geodesic 
that joins Lp to Lq. It follows from Remark 13.81 that 

(4.1) iriMP)) < Up)- 

Given ei we can find r, that does not depend on (3, so that 

(4.2) iiMP))<UMP)) + £i- 

In fact the above equation can be proved using Claim 1 and reducing r in such a 
way that the distribution D defined in Proposition 13.11 turns out to be close to the 
distribution H. 
Therefore 

< U^r{P)) + ei 

< Up) + ^i, 

and hence 

(4.3) d{L^^(p),L^^(q)) < dr(Lp, Lq) + ei < eo. 

Item (d) of Theorem 11.21 equation (|4.3p and the definition of eo imply 

(4.4) dr{Lp,Lq)<d{L^ 
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Equations (fO]) and (jOj) imply 

< d(i^^(j5), - dr{Lp,Lq) < ei 

and this conclude the proof of Claim 2. 

Now consider a integer Nq such that K < Nq^ and a partition = Iq < ■ ■ ■ < 
tN ^ Rso that N < No and U - U_i < f. 

If n Tub,(S) = then we define 7' := ^{[U,U+i]). 

Now assume that 7([ti,ti+i]) n Tubr(S) 7^ 0. We will replace 7([ti,ti+i]) by a 
piecewise smooth horizontal curve 7I that fulfills item (b) and has length close to 
j{[U,ti+i]). 

Let fli be the smallest number in [ti,ti+i] such that 7(ai) G Tubr(S) and bi the 
biggest number in [t^jti+i] such that 7(6i) £ Tubr(S). Let ai and (Ti+i be the 
projection of 7(0^) and 7(64) in S. 

By triangle inequality we have 

Claim 3: , io-i+i) ^ ^^(^7(0;); ^7(6i))| < 2r. In particular for r < / 6 we 

have dr{L^.,L^.j^^) < 2eo/3 < eo- 

Let Pi be a minimal segment of horizontal geodesic in M,.(S) that joins L^^ to 
Lo-.^j^. By item (d) of Theorem 11.21 and Claim 2 we can find a horizontal curve 
di C E joining Ls-^ to ^o-i+i such that Iri&i) — ci(Ljj.^,(a..), L^^(^.^j^)). By Claim 2 we 
have 

-[r(/3,)| < ei. 

Claim 3 implies 

\iM)-ir{%a,.b,])\ <2r. 

Therefore 

|fr(d,) - /r(7|[ai,f,,])l < ei + 2r. 
Let (5i (respectively ^i+i) be a segment of horizontal geodesic perpendicular to 
E that joins Lg-^ to (respectively £0-^+1 to L;y(j,.)). 

Define :— 7([ti, a^]) U 5^^ U d.; U (5i+i U 7([&i, ii+i]) and note that 

l^r.(7D-'V(7l[t.,t.+i])l <ei+2r + 2r. 
Finally setting 7*^ := 7^; U • • • U 7|^ we have 

|fr(r ) - ^~r(7)l < N{ti + 4r) < iVo(ei + 4r). 
Since iVo does not depend on r or 7 the above equation implies item (a) of the 
lemma and this conclude the proof. 

□ 

Using some arguments of the above lemma we can also prove the next result. 

Lemma 4.3. For each small e > there exists r so that if ^ : [0, R] M is a unit 
speed minimal horizontal geodesic ( with respect to g) then there exists a piecewise 
smooth horizontal curve 7"^ : [0, i?*^] M and a partition Q = ti < . . . < t„i — R'^ 
with the following properties: 

(a) |Z(7^)-Z(7)| <e. 

(b) For each [ri,Ti+i] one of the following conditions is fulfilled 



DESINGULARIZATION OF S.R.F 



19 



(1) 7'^|[ri,Ti+i] is a segment of j and 7'^|[ri,Ti+i] nTubr(S) = or 

(2) 7'^|[^. .^.^j^] is a horizontal geodesic orthogonal to E or 

(3) 7'l[r„T.+i] C T,, /(7l[n,r.+ i]) = rf(^7(n)>^7(n+i))- 

We are now ready to prove Proposition 14. II For a small e consider r defined in 
Lemmas and 14.31 

Let 7 be a minimal horizontal geodesic that joins Lp to Lq and 7"^ the piecewise 
smooth horizontal curve defined in Lemma l4?2l Note that /('^"^(t'^)) = ^r(7^)- Hence 
Lemma 14.21 implies 

d{Lp,Lg) < liiTrm) 

= driLp,Lg)+e. 

Now let 7 be a minimal horizontal geodesic that joins Lp to Lq and 7*^ the piecewise 
smooth horizontal curve defined in Lemma [4.3l By Theorem 1 1 . 21 there exists a curve 
7 in Mr(S) that joins Lp to Lq such that ^^(7) = ^(7*^)- Hence Lemma [4.31 implies 

dr(Lp,Lq) < ir{j) 
= ^(7^) 

< ^(7) + e 

= d{Lp,Lq)+e. 

5. Appendix 

In this appendix we recall that ii p : X Y is a surjective e/2-isometry between 
compact metric spaces, then dG-H{X,Y) < 3e. In particular, this implies that 
CoroUarv l 1.61 follows directly from Theorem ll.Sl fsee also Burago, Burago and Ivanov 

We start by recalling the definition and some facts about Gromov-Hausdorff 
distance (for details see Petersen [12!). 

Definition 5.1. Let X be a metric space and A.B C X. Then we define the 
Hausdorff distance between A and B as dH{A,B) = inf{e : A C Tube (_B),i3 C 
Tube (A)}. Now consider two metric spaces X and Y then an admissible metric 
on the disjoint union X UY is a metric that extends the given metrics on X and 
Y. With this we can define the Gromov-Hausdorff distance as dG-H{X,Y) = 
ini{dH{X,Y) : admissible metrics on X U Y}. 

It is possible to prove that if X and Y are compact metric spaces then X and Y 
are isometric if and only if dc-iiiX, Y) = 0. Since dc-H is symmetric and satisfies 
the triangle inequality, the collection of compact metric spaces (A^,c?g-//) turns 
out to be a pseudometric space, and if we consider equivalence classes of isometric 
spaces it becomes a metric space. In fact, it is possible to prove that this metric 
space is complete and separable. 

In what follows we will need a lemma about e-dense subsets. Recall that if X is 
a compact metric space, then a finite subset A d X is called e-dense subset if every 
point of X is within distance e of some element in A, i.e., (i_f/(A, X) < e. 
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Lemma 5.2 (Petersen 112]). Suppose that we have e-dense subsets 

A = {xi, ...,Xk}c Xa.nd B = {yi, . . . C F 
with the further property that 

\d{x^,x.j) - d{y^,yj)\ < e, 1 < i,j < k. 
Then dG-H{X,Y) < 3e. 

Proposition 5.3. Let (X, dx) and {Y, dy) be compact metric spaces and p : X Y 
a surjective e/2-isometry, i.e., 

(5.1) \dY{p{x),p{x))-dx{x,i)\<e/2. 

Then dG-H{X,Y) < 3e, where dc-H is the distance of Gromov-Hausdorff. 

Proof. Consider {xi, . . . , Xk} an e/2-dense subset of X. Clearly {xi, . . . , Xk} is 
also an e-dense subset. Now set yi :— p{xi). Then equation (jS.ip implies that 
{yi, . . . ,yk} is an e-dense subset of Y . Equation (|5.ip and Lemma [5.21 then imply 
dG-H[X,Y) <^e. □ 
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